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SUMMARY 
In the present note the authors consider the convolution integral equation 
(*) ~@-CY+‘~,“[2+C] f(C) dC=g(z), 
where qt[z] denotes the familiar H-function of C. FOX [Trans. Amer. Math. Soo. 
98, 395-429 (1961). MR 24 #A 14271, f is an unknown function, and g is prescribed 
such that g(r)(O)=O, Z=O, 1, . . . . r- 1, T being a positive integer. A systematic discus- 
sion of the question of solvability of the integral equation (*) in terms of recognizable 
functions is presented, and several known or new special cases are indicated. 
1. We consider the convolution equation 
(1) @-q'-lQ.~ 2-t @l, 4)s ***' (% 4) 
c I (h, Bl), *a*, (h?, &) 1 f(t)&=g(x), 
in which g(‘)(O)=0 for OSZ<r. 
The H-function of Fox which appears in the kernel is defined by the 
contour integral 
where m, n, p, q are integers satisfying 0 dmd q, 0 5 n up, the A, and Bf 
are all positive, the parameters are such that no poles of the integrand 
coincide, and the contour Re(8) =sg separates the poles of one product 
from those of the other. We consider the case such that 
(3) K= $ Al+ f Bj- $ Aj- i B,>O, 
f-1 i-1 i-n+1 i-m+1 
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hence the absolutely convergent integral defines a function, analytic for 
Iarg (%)I <K 42 with, in general, singularities at 0 and 00. 
The Laplace transformation of the kernel can be computed directly 
from the defining integral (2), and we have 
(4 = w-e H?g+‘, *c I w-1 (  -e, l), (a, A), . . . . (6,4) Pl, Blh ***, vh, 4) 1 ' 
provided Re(w) > 0 and Re(e + bj/Bj) > 0, j = 1, . . ., m. 
Consequently the Laplace transform (in the Mikusinski operator form) 
of equation (1) can be written 
(5) (l-e, 11, (al, 4, . . . . b-h 4) 
(h, 4, a*-, h &) 1 f=s. 
It is desired that the reciprocal of this H-function, or some closely related 
function, be known, in order to make use of equation (5). 
By formula (1.8), p. 127 of P. SKIBI&SKI [2] we have 1) 
fi mr4(h+ww ,g m-q+Aj(bh+Y)/BA] 
I-l.f*h 
b1 *-O fi r[l-bj+Bj(bh+Y)/Bh] fi F[c 
I-- I. 1-.. L. 
. ( - ly Z(%+‘)/‘h 
v!Bn 
from which, under suitable restrictions, we see the possibility of obtaining 
a single series expansion for z in the neighborhood of 0, i.e. for large w 
in equation (5). If we set m = 1, & = 1, bi = 0, for example, we obtain 
(7) 
I 
=z 
r(e+y) fi W -q+Aj Y) 
I-1 
'-",s~+l w-b-t&9, @+l mf-44 
(--w-l)', 
y! 
which is an analytic function of (- wi). If we shorten the notation of 
(7) to the form 
(8) H$$,+; w-1 
c I 
(l-e, l),-- 
. 
(0, 11, - 1 = “ZO c”w-v, 
1) Notice that this formula (6) ia substastidly the same as the expansion (6.6), 
p. 279 of B. L. J. BRAAKSXA [Compositio Math. 15, 239-341 (1964). MR 29 #4923]. 
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and let k denote the least v for which c,# 0, then 
(9) fpb+1 1 (l-e, l),-- 
II I 
0 
p+lA w- (0, l), _ 1 =w-k 2 ccc+kw-~, r-0 
with ck# 0, so that the series can be reciprocated. Writing 
we have convergence for IwI > E because the series to be reciprocated has 
leading coefficient not zero and hence the function has no zeros for lw-11~ E 
for some E > 0. We assume that the parameters are such that the numbers 
c, are all defined ; this requires that e + v and 1 -q +A,v for 1 S j In do 
not take on values which are zero or negative integers for v = 0, 1,2, . . . . The 
requirement that ck #O also restricts the parameters in that 1 - bf +l$ k 
for m+ 1 Sj~q and q-Al k for n+ 1 Gj $p cannot be zero or negative 
integers. 
Under these restrictions we can now write equation (5) in the form 
(11) f = 
( 
w- (r+k-e) 
Jo CA w-Q Wg), 
which can be interpreted conveniently end simply as a convolution 
integral provided Re(T+ k-e) > 0 and r is an integer (2 0). 
THEOREM. The convolution equation 
(a1y A1)p *“’ (% Ap) 
(0, 11, (h B2h ..., (bm 4) 
] f(t)&=g(s), 
with g(‘)(O) = 0 for 0 5 1 <r, Re(e) > 0, and with other suitable restrictions 
on the parameters, has its solution given by 
(13) f(z)= i (2-ty+k-e-lRr+k-e @lp A1h ***’ (% AD) o;{g(t))&, 
0 (h, B2), .a., lb,, BP) 1 
where 
and the CA can be determined from (9) and (10). 
From (11) we obtain (13) by use of the Laplace transform 
9 t,+k-~-lR~+~-~ h 4, .-.P k% Ad 
(15) @a, Bz), . . . . (b,, Bq) 1 I ; w = W-v+k-e) Azo C,W-A. 
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From (10) we can express the CA in terms of the c~+~ by either the 
recurrence 
(16) CO= l/ck, and for u>O, 5 CA~B+k-l=O, 
1-O 
or by 
0 0 . . . 0 
(1’) c,= (- 1)” (ck)-“-’ det ck+2 ck+l ck 0 . . . 0 
. . . ck+l 
From the power series expansion in (14) it can be seen that the function 
R is an entire function and the resolvent kernel has the expression - 
=~‘+k-q-1 R 
rtk-e z [I I - 
z.wctk-Q-l 
r(l+r+k-e) ' 
which converges for (z] > 0. It may be worth noting that 
(19) , 
and that an integral relation involving the H and R functions can be 
obtained from the direct substitution of (13) into (12). 
2. Some special cases of the convolution equation (12) are as follows: 
(I) If we first set n=(p in (12), then we have 
(20) 
i 
jx-ty-1 $P*-$-al, . ..) l-a,; l-bz, . . . . l--b,; -(Z-Q] 
* f(t) c-J% = !7(4, 
where PYq denotes Wright’s generalized hypergeometric function. 
(II) If A,=&= 1, then, of course, the equation (12) becomes 
(21) 
in which the kernel involves a special case of the G-function. 
(III) If further we set n=P in (21), we can write 
! (X:-t)@-1 pP&l-ui, . ..) l--a,; l-b2, . . . . l-b,; -(Z-t)] 
(22) 
*f(t) at= 
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Other kernels which can be treated in a similar manner are any of 
those of $ 4.24 in reference [l], since the Laplace transforms have series 
representations. In these cases as well, the resolvent kernel is a product 
of a power function and an entire function for which the series repre- 
sentation can be obtained. 
EXAMPLE (Kummer’s function). If p=l, q=2, l-ai=b, 1-ba=c, 
then (22) becomes 
(23) {(z-t)@-’ lFl[b; c; - (x-U f(t) dt = UWl WI d4. 
0 
Since 
(24) 
for large w, equation 
c; -t]; w}=2’{Wct IF&-b; c; t]; w> 
=I’(e)(w+ 1)-e zPl[c-b, Q; c; (w+ 1)-l] 
= r(e) w -e &[b, e; c; -w-l] 
(5) becomes 
(25) C w’-Q{F(b) Q)/r(c)) zPl[b, Q; c; -w-l]) f = w’g. 
The reciprocal function has coefficients (assuming k = 0, Re(b) > 0, 
Re(c)> 0) of the form 
(26) C,=(-l)ldet 
(b)l (eh 1 o o 
(C)l 11 
. . . 0 
(b)z (~~12 (b)l (eh 1 o - - 
(c)2 2! (C)l 1! 
. . . 0 
f 
I 
PIa (eh 
(c)11! 
. , .. (b)l (eh 
(C)l l! I 
since {F(b) r(e)/F(c)} #l[b, e; c; 0] = 1. Hence 
(27) 
and it is not clear that this can be expressed as a recognizable well-known 
function. 
If e =c, we have a much simplified CA, since 
(28) F(b) zFl[b, c; c; -w-l] = I’(b) &,[b; - ; -w-l] = F(b)( 1 + w-i)-*, 
and the reciprocal is 
(29) (1 + +)*/r(b). 
Hence 
(30) 
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f = (w-0( 1 + w-y/r(b))(t#g). 
(31) LY{[P-l/r(c)] &[a; c; -t]; W)=WC &[a; - ; -w-‘]=w-q1+w-‘)a, 
we have 
(32) f(x)={~(7-~)r(b)~-l~(z-t)‘C-l $‘I[--a; r-c; -(z--t)]D;{g(t)}dt, 
if g(‘)(O) = 0 for 05 Z<r. This is a known result [3, p. 441. 
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